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ABSTRACT
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Lennon, and Lord, 1969) and; with these equated true scores and their
distributions, estimates the bivariate distribution scores and the
relative efficiency of the two tests at various ability levels. The
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between the estimated and actual distributions is computed. The
program is written in Fortran IV for the 'IBM 360/65. Its only
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(Author/RC)



.crd

cto ESEARcEI..
LL:

qEMORANDU
BESTCOPYAVA1LABLE

RP's 73 -24

U S DEPARTMENT OF HEALTH.
EDUCATION & WELFARE
NATIONAL INSTITUTE OF

EDUCATION
THIS DOCUMENT HAS BF EN REPRO
DUCED EXACTLY AS RECEIVED FROM
THE PERSON OR ORGANIZATION ORIGIN
ATING IT: POINTS OF VIEW OR OPINIONS
STATED DO NOT NECESSARILY REPRE
SENT OFFICIAL NATIONAL INSTITUTE OF
EDUCATION POSITION OR POLICY

A PROGRAM FOR ESTIMATING THE RELATIVE EFFICIENCY OF TESTS AT

VARIOUS ABILITY LEVELS, FOR EQUATING TRUE SCORES, AND FOR

PREDICTING'BIVARIATE DISTRIBUTIONS OF OBSERVED SCORES

,Martha Stocking, Marilyn S. Wingersky,

Diana M.- Lees, Virginia Lennon, and Freder:.c M. Lord-

"PERMISSIOt1 TO REPRODUCE THIS .1111111*-
.011011,195 MATERIAL HAS BEEN GRANTED BY

AWIni.4-4.W2ZettV61_
tled31(01.4/1.- TESDA6. IteWCF

TO ERIC AND ORGANIZATIONS OPERATING
'' UNDER AGREEMENTS WITH THE NATIONAL IN-

STITUTE Or EDUCATION FURTHER REPRO-
DUCTION OUTSIDE THE ERIC SYSTEM RE-
QUIRES PERMISSION Of THE COPYRIGHT
OWNER

..2

This.Memorandum is -for-interoffice use.

It is not to be Cited-as a published

report without the specific permission

of the authors..

Educational Testing SerVire

Princeton, New Jersey

October 1973
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A Pr.vTam for Estimating the I;elatil fficiency of Tests at

Various Ability Lev,- is for Equating T rue Scores, and for

Predicting BivariaLe Distributions of Observed Scores*

For two tests measuring the same trait, the program, BIWA), equates

th( Lrue scores using the two true-score distributions estimated by the

ivy r method. 20 program (see Wingersky, Lees, Lennon, & Lord, 1969)

-;

.and with these. equated true scores and their distributions,. estimates

bivariate distribution of observed scores and the relative efficiency

oi; th, two tests at various ability levels. The method described and

form. as given in Appendix A. If desired, this estimated distribution is:

compared to an actual bivar Late observed-score distribution provided by the

user, and a chi-square between the estimated and actual distributions is

coin] 11,( d.

thiS program is written in Fortran IV for the IBM 560/65, Its only

resl,rict ion is that the .maimum number of items for each test is 50.

.Soria the uses of the pro gram are the folloving (see Lord, 1.)65, for'

details),:

1. Po cheek on the mathematical model used to estimate the true-

score distributions (Locd, 1;161)7

*This updates the iv search Memorandum E,. titled "A program For
estimating a bivariate distribution of test scores from the marginals" by
Martha Stocking, Diana Lees, Virginia Lennon and Frederic M. Lord
supported in part contract Nonr-2752(00) between the Office of Naval
'Iesearch and Educational Testing Service. Additions and revisions to the-
proF..,ram were supported b:; grant (1B-52781X from National Science` oundation.



To estimate how a group of examinees that has taken only a short

form of a test would have performed on a long form. (This. is

useful in setting up test'norms.)

.5 To estimate how* a group of examinees that has been selected on

a certain test would perform on a parallel test.

4. To try to equate two rather different tests measuring the 'same

trait when both tests dannot.be given to the same group of

examinees.

5 .To _investigate whether or not two different tests measure the

same psychological trait. (if tne program does not provide a

good estimate of the actual biyariate. scatterplot it may be

possible to conclude that the assumptionthat the two tests

measure the same psychological trait has been violated.)

6 To compute the relative efficiency of,the.two te4srat various

abilit:;

An illustration equating true. scores and estimating relative

efficiencies for several pairs of tests is given in Lord, 1973b.

Asswmtions

The results are based on the_following assumptions (see Lord; 1967, for

a detailed and rigorous staterm- -nt):

1. The conditional distribution of observed scores for fixed true

Score is a .(certain approximation to'a) compound binomial

distribution.
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The true-score distribution in the group tested is 'smooth."

The true. scores on the two tests studied are Perfectly,.

although possibly curvilinearly, related.

. The output from a univariate method -20 program is required for both

3 being investigated. For detailed descriptibn of the input formats,

reader is referred to Appendix C.

It

The user receives as printed output the following:

1. The estimated bivariate observed-score distribution and the

regresSion of each "estimated test on the other (row and column

means of the estimated bivariate observed-score distribution).

The estimated. marginal.observed-score distributions; the mean,

variance, and Kilder-iChrdsOn
'1

for each of these distribu-

tions; also fo.Cthe.estimated bivariate distribution, the

.

estimated correlation between observed scores and the Or-

rOati,Dn ratios for Test given Test Y and Test Y given

Test /.

.

The. estimated probal.ility distribution of true scores for each

ten,.

4. An equating of, the true scores of both tests by the equipercentile
e

method,

. The relative effiq!iehcies th(: two tests at various ability

\ .

° levels.
W.



If the actual Observed-score bivariate distribution is provided, the

user receives the additional output:

6. The chi-square between the estimated and actual bivariate

observed-scare distrfbutions, and its probability level; the

grouping of the two bivariate distributions for the chi-square,

the estimated and actdal group frequenciesy and the graup con-

tributians to chi-square. c

7. A graphshowing for each cell in the bivariate distribution

a "." if the estimated frequency for the cell was greater than

1, also the sign of the contribution to the X
2

of the group

containing the cell if the.contribution was reai.er in absolute

value than" 2. .

B. The .regression of each actual test on the other (row and column

means of actual bivariate observed - score. distribution) These

pan be compared with item 1 above.

9.. The actual marginal observed-score distributions; the mean;

.variance, and Kuder-kichardson R for each of these distri7
-21

butions, the actual correlation between the observed scores,

and the.correlation 'ratio for Test X, given Test Yand for

Test Y given Test X for the ob§erved bivariate distribution..

These may be compared' with'item-2 above.

The program punches the logarithms of the estimated relative

efficiencies, the true-score percentiles at which they are computed and
0

the estimated and actual marginal distributions for both tests along

with identifyingAnformation. The equated true scores may also be punched.



Availability.

A cou',".of the. program ma

)-

ee

authors. Educational Testing Service, Princeton, New Jersey 08540.

user must provide a tape on which the program will be loaded in 80

characard images and must specify whether the tape should be blocked,

in"?:NJDIC_or BCD, .7-track or 9-track, and the tape density and parity.

The.tpe ;,:i11.1, be unlabeled.

Disclaimer

Although the program has worked satisfactorily on-the lata we haveti.
tried, no glair is made that the program is free of Error.

O
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Appendix A

The program BIV20 computes the estimated bivariate distribution of ob-

served scores between two tests; Test X and Test Y, using the parameters _,-*-

the corresponding univariate true-score distributions. If we let q)(x,y)

be-the population bivariate distribution of observed scores for the two

testso be. the true score on Test X, g(0 be the distribution of true

for Test X, h(XyN be the joint conditional distribution Of ob7

served scores x and y on Test X and Test Y, given- e , and ar and

b be the lower and upper limits respectively, of the.true-score distribu-

tion for Test X, then

(1)
fr

J
g(

a.

.

If we.let 71 be a true score on Test Y and g'01) be the distribution of

true scores for Test Y, then under assumption 5, 71 is a functioh of

When g(') and g' (71). -a42-g-iA,ren, this-functional relation, W)-,

can be determined numerically, for any fixed , from

(2)

where

inverse interpolation methOds. Under the .assumption. that the. errors of

,measurement are inlependently iistributed'when ' is fixed, equation (1)

ueomes

g' (Ti )

tne lower limit of =the true-score ddstribution for Test Y, by

(5) (1)(x,Y ) = g(r)h(x )ht (y in) dr_,

a,



where h(xk) is the conditional distribution Of observed score x ,on

llet X given a fixed true score , and h'(yili) is the conditional

distribution of observed score y on Test Y for a fixed true score ,fl

.where ii = ,r((,) If we let denote estimated quantities, then

equation (2) becpmes

q(()

g(C) d a' (11) (11i

and:equation (3) becomes

(3)1 (x,y) = g(C)h(xiC)11'(yikr))

a

The estimated bivariate distribution of observed scores, $(x,y) , is ob-.

tained by first deterMining 11(:) frOm equation (.2)', then performing the

integration. indicated in equatiOnOP-by quadrature.

The reader is referred. to equation 21 (Lord, 1967) fore the mathematical

form of andand a,(,) , and to equation 7 (Lord 8c- Lees, 1967) for the

mathematical form; of h(dr.,) and 1-0(y111)%

The estimated relative-efficiency of Test Y versus Test X is given by.

the formula

R. t_

2:
2kx) t^

(n - 2k ) 0(1 -
n Y
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where h and ky are defined in. Lord, 1965; eq. 9, n. is the nuthber
x

of items on Test X and n is the number of items on Test Y. For the

*derivation of this formula see. Lord (19734' The relative efficiencies

are computed for equally spaced r is between a and b . Ad. rapll is

produced of G((;) vs,
1°g

where
10 13.E.yx

= f
a

for the equally spaced t", Is.

a



-a-

Appendix B

Accuracyof Computations..

As a general rule the user obtains-estimated marginal. observed-score_

distributions' which agreeto-at least ,three dedinal places

estimated observed-score distributions obtained from a uniVais-iate Method-20

program. There. are .two major sources of numerical error.

.

1. The numerical solution of equation 2,- Appendim,A. This solution

is accomplished-by an iterative inverse interpolation procedure using

Bessel's interpolation formula (Scarborough,°-1975 p. 77), and, ,as with

any interpolation process, this generates computational errors.

The accuracy attempted by this iterative procedure-is controlled

by an input 'option available to the user.

2. Fquation j of Appendix A is integrated-with Simpson's rule

where the user specifies the number of intervals. Accuracy can be in-

creased by using more intervals: However, from past experience approxi-

mately 50 ihvervals Piave been sufficient.

For true-score distributions. where ,,g(c, = at) and/or g(t:, = b )

\
are not close to 0, the error in integrating the corresponding tail,of

can be quite large. There are two ways to possibly reduce
__

this error. The user may specify that the Simpson's rule interval con-

9

takring ar
. ,

and.the interval containing bt. be subdivided into much

smaller intervals Tor a more accurate. computation of the.area under.the.



/

g.

a

Curve in these intervals. Also it may be possiblesto increase the

accuracy-by reversing the abscissaand ordinate,,puteing Test.Y.'on

the abscissa and Test X on, the Ordinate.,:-This will only help if for

0

Test = a
n

) and g(!) = b ) are approximaWy 0.

The mixim n number of intervals plus subintervals

ds 280.

10

in the tails

e
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Appendix a

'Input to Bivariate Program for Method-20 (BIV20)

'In the following description of_the-inputrequired by BIV20, the

test on the abscissa of the biVaiatez.scatterplot is referred to as "Test'.

Y." The test on the ordinate of t

as "Te.st Y." Zeta

bivariate scatterplot is referred to

(0 denotes thelrue score for Test X, and eta (71)

denotes the true score for Test Y.- All input infOrmation marked with an

'asterisk comes from the univariate method. c.ltput, All otherinfor-

-nation must be supplied by the user. ; information followed by a

(t) can be continued on more than one card. For detailed descriptions

of the mathematical function's for.the input-variables, the user is

referred to Lord and Lees (1967) and Lord (1967).

Card Number Description

Title card for Test X

col. l -,60 title of test to be used as heading
information on output.-

col-63 - 65

col. 66:-

*2 Title card for
. format as card

*3.

number of items in test, must be
less. than or equal to 50. The
format is (13).

number 'of .examinees taking test.
The format is (F7.0)..

Test Y with the same infOrmation and
number ,

Parameter card for Test X. These parameters are 'recessi:avry

to compute the estimated.true-scoredistribution fbr
Test X. The format. is (5E15.8).-

col.

col.

1. 15-

6 3o

t?:



Card Number

(cont'd)

*4.
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Description

.col. 31 45 dr parameters for the "smoothing
function" 7(0 described

col. 1+6 - 60 A in Lord, 196). H

col. 61 75 kx

(If the-Simplified method-20 program has been used,
0 bt. = 0 .)

Parameter card for Test Y with the same information
and fOrmat as card number 3.

Options Carl

col. 1 - punch the number of quadrature
intervals to be used in computing
rP(x,y) . This number must be
less than or equal to 280, and
must be even. Generally this
number ranges between 50 and 100.

col. ( - 10 -punch 0 if the and 1 'S
are to be equated by the
program. This is the
usual option.

if equated' 's and T1 's

are supplied by the user.
The user must then pro-
vide cards number 13 (b)+.

if the and n s

are assumed to- be identical.

col. .11 - 15 punch 0 if the grouping for the
chi-square is to be
computed by the _program,
This is-the usual option.

if the grouping for 4-he-
chi-square is to be com-
puted by the program,
and written on scratch .

tape 4.

2 if the grouping for the
chi-square is'. to be read
from tape unit 4. q



Card Number

(conted)
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Description

col. 11 - 15
(cont'd)

3 if the grouping for the
chi-square'is to be
read from cards. The
user must provide cards
number 19, nut,ber 20+,
number 21+.

col. 16 20 punch 0 if equated true scores
are not to be punched

.on cards. This is the
usual option.

1 if .equated true Scores
are to be punched on
cards. rine format will
be (5E15.8).

col. - 25 punch the nuMber of subintervals
to be used in integrating the
interval containing and the

interval' containing b, . Two

times this number plus the con-
tents of cols. must be less4,

than 280.

Parameters required for the conditional distributions
of observed scores fOr a given true score for Test X.
If the general_univariate method _20_programhas been
used, these are part of its .output. If the simplified
version has been used, these values may be obtained
from Lord and Lees (1967),,Figures 10 and 11. , The

format is (2F15,8).

col. 1 - 15

col. 16 - 30 5-

7. The same information and format as cafd number 6 for
Test Y.

*8. The cons-Cants associated with the smobthingefunctions
y(') and 7(0 required to estimate the true -score
distributions for Test X and Test Y. These constants
are the reciprocals of



r

Card Number Description

*8. (cont'd)
b,

d,

a,
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b d for Test X, and. 1
A

1

L(1, - Ti)

for Test Y. If the general- univariate method20 pro-
gram has been used, these are part of the output. I2

the simplified version has been used, both these con-
stants are equal to 1. The format is (2E15.8).

col. 1 - 15 y(0 constant.

col. 16 - 30 7(TI) constant.

The coarse grouping of frequencies of observed scores
used in estimating the true -score distribution of
Test X. The format is (40I2).- .

c61.

col.

1 - 2'

4

the nuMber_of coarse groups.
This number must be less than
or equal to-26.

for each group, the number of
col. 5 6 frequencies in that group.. -The

listing_of groups.starts with
col. 7 - -8 the group containing. the fre --

for the- lowest observed
col. - 10, score, and ends with the group

'containing the frequency of the
. highest observed score..

.

*10. The same information and format as card number 9 for
Test Y.

The parameters A
u

of the true-score distribution

for Test X. The format is (5E15.8).

The same information and format as card number 11."
for Test Y.



Card Number Description.

13. (a )

(b )+

If equated true scores are to be &pm-fluted by the pro-

-gram (col. 10 of card number 5 equals 0), the epsilon

for the iterative inverse interpolation process is used

to equate true scores. If the results of two ue-.
cessiVeiterations differ by less than epsilon, the
iterative procedure is halted. This epsilon is.

usually .00001. The format is (F15.8).

If equated true scores are to be supplied by the user
(001. 10 of card numbei7 5 equals 1),,the true scores
for Test X.followed (starting on a-riew card) by the

true scores for Test Y. The format must be .(14F5.5).

There must be the same number of t", 's and T1 's,

and this number must be one greater than the number
of quadrature intervals given in col. 1 -5 of -card

number 5.
-

Note that 13 (a) and 13 (b) + are 'mutually exclusive.

14. Criteria for the grouping of the estimated and actual
bivariate observed-score distributions for the ehi.-

square. (Note the information required in col. 47-
48 before proceeding.)- The format is (2F0.3,1612).

i 8 punch the minimum doup size
required. Usually if the number
of examinees is greater than
5000, the minimum is 30; if it
is less than or equal to 3000,
the minimum is 20.

col. 9 - 16 punch the Minimum cell frequency
for .the estimated bivariate
observed-score distribution. All
cells with a frequency less than
or equal to this value will be
set to zero before the grouping
for chi - square is done. This
minimum is usually .005.

col. 17 46 punch in (1512) format, the
following numbers: 00;01,02,05,

08,09,10,13,16,171820,25,28
52; -These are-distance critel'ia
used to determine whether a
prospective cell should be
included in a group.



Card 'dumber Description
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(cont `d -)
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col. 47. - 48 punch 0 if the actual bivariate
observed-score distri-
butibn will be read,
and the chi-square
computed. The user
must provide cards
number 15, number 16+,
number 17, number 18+.

1 if the actual bivariate
observed-score distribu-
tion will not.be read.
Col. 1-46 may be left.

blank. The program will
halt after the Computa-
tion of the estimated
bivariate observed-score

::distribution.

-15. If the actual bivariate observed-score distribution
is to be read by the program (col. 47748 of card
number 14 is zero) punch this card and cards number
16k, number 17, and_numiler 18+.

I

'col. 1"- 30 . the integer format of the actual
bivariate observed-score distri
bution .which must be read in by
rows, with each row being the
-frequency,distribution of ob-
served scores on Test. Y' (in

ascending order by,obserVed
score) for a given obs 'erved
score on Test X. For example,
(2014) punched in these columns
would mean that the actual: bi-
variate scatterplot will be
punched With20 fourdigit
integers per card.

col. 31 - 35 the nutber of elements per card.
The format.-is (15).

col. 36 - 40 the observed score on test X .for
the first row to beyead in
(usually 0). Rows Must be read
in ascending order of'observed
scores on Test X. This means
that initial''rows of/all zeroes

need not be punched, but will be
assumed.zero by the program. The

form' is:(15)..



Card Number

L5. (cont' d)

Description

col. 4X - 45 punch 0 if the input matrix has
, not beeh transposed.

N
1 if the input mat'' x has
been transposed.

Note: This option is used only
when col. 36-40 is zero. The

format is (I5)_.

16.+ Actual bivariate scatterplot, punched by.rows in the
formatdIven by card.almber 15. There are two ways

.-,-i in which the statterplotmay bepunched, depending
upo

..

n .col. 56-40 of card number 15. .

LL
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If col. 36 -4o cf card number 15 is not equal to zero,
consecutive zero cells may be replaced bya negative
number *hoSe magnitude equals the number of zero,

'"Cells to be omitted. Each new row does not start

on a new card.
,r-

If Col 36 - 40 of card,number,15 equals. zero, all.
consecutive zero cells must be punched, and each new
row must start a new.card.

Punch in (201... 7 30 the integer format of the-actual
marginal frequency distributions which will be read.

18,+. Actual marginal frequency distribution Of Test. X,
followed (on a new ca*) by that of Test _Y; both
punched-inthe-formatgiven_by card number 17. Each .

marginal 'frequency distrithition is punched in
ascendinc.order-of observed score.

19. If the grouping for the chi-square is-to be read from
cards (col. 15 of4card.number.5 is equal to number 3),
punch the .integer'forMat.in which the grouping, will
be read in co1.1-60: The' user must also-punch ca'rds
number and 'number 21+. '(The information in col.
1-46' of, card number-* Will be ignored.),

".20.+ Matrix of group.numbers, one for each tell in the bi-
variate scatterplot, punched by rows in the format

. given by card 'number 19, with -each- new row 'starting
a new card. The .ij -th element of this matrix is.
the number of the group .to which the dj-th cell
Of the bivariate scatterplot belongs'.



Card Number Description

21.+ Information required for the combining of undersized
groups, punched in the integer format given by card
number 19.

punch first the total number,of zroupS

second the number of groups to be combined

third old group number,
new .group number

old group number
new group number

old group nuMber,
new group number

for each- group

to'be moved,
starting with
the lowest
old group
number.
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